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THE QUATERNIONIC AFFINE GROUP AND RELATED
CONTINUOUS WAVELET TRANSFORMS ON COMPLEX AND
QUATERNIONIC HILBERT SPACES
S. TWAREQUE ALI1 AND K. THIRULOGASANTHAR2
Abstract. By analogy with the real and complex affine groups, whose unitary ir-
reducible representations are used to define the one and two-dimensional continuous
wavelet transforms, we study here the quaternionic affine group and construct its uni-
tary irreducible representations. These representations are constructed both on a com-
plex and a quaternionic Hilbert space. As in the real and complex cases, the represen-
tations for the quaternionic group also turn out to be square-integrable. Using these
representations we constrct quaternionic wavelets and continuous wavelet transforms
on both the complex and quaternionic Hilbert spaces.
1. Introduction
The continuous wavelet transform (CWT), as used extensively in signal analysis and
image processing, is a joint time frequency transform. This is in sharp contrast to the
Fourier transform, which can be used either to analyze the frequency content of a signal,
or its time profile, but not both at the same time. In the real case, the CWT is built
out of the coherent states obtained from a unitary, irreducible and square-integrable
representation of the one-dimensional affine group, R ⋊ R∗, a group of translations and
dilations of the real line.
In actual practice, for computational purposes, one uses a discretized version of the
transform. But the advantage of working with the CWT is that starting with it, one can
obtain many more than one discrete transform. In the real case, a signal can be identified
with an element f ∈ L2(R, dx) and its norm, ‖f‖2, is identified with the energy of the
signal. The wavelet transform is built out of a single element ψ ∈ L2(R, dx) and it
has to be an admissible vector in the sense of square-integrable representations. In the
signal analysis literature such a vector is called a mother wavelet. Then the resulting
resolution of the identity enables one to reconstruct the signal from its wavelet transform.
For detailed description one could refer, for example, to [2, 3, 4].
For the complex case, exactly as in the one dimensional situation, wavelets can be
derived from the complex affine group, C ⋊ C∗, which is also known as the similitude
group of R2, denoted SIM(2), consisting of dialations, rotations and translations of the
plane. From the point of view of applications, these wavelets have became standard
tools, for example, in image processing including radar imaging. For details see [2] and
the many references therein.
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Recently a number of papers have appeared which construct quaternion valued con-
tinuous wavelet transforms [6, 7, 9]. In [6, 7] the authors have contructed a CWT from
the group SIM(2) on the Hilbert space L2(R2,H) of quaternion valued functions (H is
the field of quaternions) and obtained a reconstruction formula. In [9] the admissibil-
ity criterion for a CWT of the group IG(2) = (R+ × SO(2)) ⊗ R2 on the Hilbert space
L2(R2,H) has been studied. To the best of our knowledge, a CWT from the quaternionic
affine group, H ⋊ H∗, either on a complex or on a quaternioninc Hilbert space has not
been attempted. In this regard, the novelty of the present work can be stated as follows:
following the same procedure as in the real and complex cases, by appropriately identify-
ing a unitary irreducible and square-integrable representation (UIR) of the quaternionic
affine group, H ⋊H∗, in a complex Hilbert space and in a quaternion Hilbert space, we
construct two classes of continuous wavelet transforms, study their square-integrability
properties and obtain reconstruction formulae. A continuous wavelet transform on a
quaternionic Hilbert space involves two complex functions. This means, compared to a
wavelet transform on a complex Hilbert space, we get here two transforms. Moreover,
the quaternionic affine group, which we later also call the dihedral similitude group of
R4, is similar, though not quite, to having two copies of SIM(2). The hope is that such
a transform could be useful in studying stereophonic or stereoscopic signals.
We systematically use a 2× 2 complex matrix representation for the quaternions (as
is common in the physical literature). This turns the algebraic manipulations, both at
the quaternionic and Hilbert space levels, into matrix multiplications, and also renders
the form of the quaternionic Hilbert space elements more familiar to physicists and
signal analysts. Since the use of quaternions and quaternionic Hilbert spaces may not be
familiar to many readers, we recapitulate the notation, convention and some elementary
properties in a bit of detail. Also, in order to draw the parallel between the quaternionic
affine group and the real and complex affine groups we discuss in some detail these
latter two groups also and recapitulate some known facts about their related wavelet
transforms.
The article is organized as follows. In Section 2, we list some properties of quaternions,
introduce the 2×2-complex matrix representation and give the definitions of quaternionic
Hilbert spaces. In Section 3 we briefly recall the one and two dimensional continuous
wavelet transform. In Section 4 we discuss the quaternionic affine group, its Haar mea-
sures, and study the wavelet transform on a complex Hilbert space. Section 5 deals
with the continuous wavelet transform of the quaternionic affine group on a quaternionic
Hilbert space. We conclude with some discussion and indication of future lines of work.
2. Mathematical preleminaries
In order to make the paper self-contained, we recall a few facts about quaternions which
may not be well-known. In particular, we revisit the 2×2 complex matrix representations
of quaternions and quaternionic Hilbert spaces. For details one could refer [1, 5].
2.1. Quaternions. Let H denote the field of all quaternions and H∗ the group (under
quaternionic multiplication) of all invertible quaternions. A general quaternion can be
written as
q = q0 + q1i+ q2j+ q3k, q0, q1, q2, q3 ∈ R,
where i, j,k are the three quaternionic imaginary units, satisfying i2 = j2 = k2 = −1
and ij = k = −ji, jk = i = −kj, ki = j = −ik. The quaternionic conjugate of q is
q = q0 − iq1 − jq2 − kq3.
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We shall use the 2× 2 matrix representation of the quaternions, in which
i =
√−1σ1, j = −
√−1σ2, k =
√−1σ3,
and the σ’s are the three Pauli matrices,
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
,
to which we add
σ0 = I2 =
(
1 0
0 1
)
.
We shall also use the matrix valued vector σ = (σ1,−σ2, σ3). Thus, in this representation,
q = q0σ0 + iq · σ =
(
q0 + iq3 −q2 + iq1
q2 + iq1 q0 − 1q3
)
, q = (q1, q2, q3).
In this representation, the quaternionic conjugate of q is given by q†. Introducing two
complex variables, which we write as
z1 = q0 + iq3, z2 = q2 + iq1,
we may also write
(2.1) q =
(
z1 −z2
z2 z1
)
.
From this it is clear that the group H∗ is isomormphic to the affine SU(2) group, i.e.,
R>0 × SU(2), which is the group SU(2) together with all (non-zero) dilations. As a set
H∗ ≃ R>0×S(4), where S(4) is the surface of the sphere, or more simply, H∗ ≃ R4\{0}.
From (2.1) we get
(2.2) det[q] = |z1|2 + |z2|2 = q20 + q21 + q22 + q23 := |q|2,
|q| denoting the usual norm of the quaternion q. Note also that
q†q = qq† = |q|2 I2.
If q is invertible,
q−1 =
1
|q|2
(
z1 z2
−z2 z1
)
.
2.2. Quaternionic Hilbert spaces. In this subsection we define left and right quater-
nionic Hilbert spaces. For details we refer the reader to [1, 5]. We also define the Hilbert
space of square-integrable functions on quaternions based on [8].
2.2.1. Right Quaternionic Hilbert Space. Let V R
H
be a linear vector space under right
multiplication by quaternions. For f, g, h ∈ V R
H
and q ∈ H, the inner product
〈· | ·〉 : V RH × V RH −→ H
satisfies the following properties
(i) 〈f | g〉 = 〈g | f〉
(ii) ‖f‖2 = 〈f | f〉 > 0 unless f = 0, a real norm
(iii) 〈f | g + h〉 = 〈f | g〉+ 〈f | h〉
(iv) 〈f | gq〉 = 〈f | g〉q
(v) 〈fq | g〉 = q〈f | g〉
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where q stands for the quaternionic conjugate. It is always assumed that the space V R
H
is complete under the norm given above. Then, together with 〈· | ·〉 this defines a right
quaternionic Hilbert space. Quaternionic Hilbert spaces share most of the standard
properties of complex Hilbert spaces. The Dirac bra-ket notation can be adapted to
quaternionic Hilbert spaces:
| fq〉 =| f〉q, 〈fq |= q〈f | ,
for a right quaternionic Hilbert space, with |f〉 denoting the vector f and 〈f | its dual
vector.
2.2.2. Left Quaternionic Hilbert Space. Let V L
H
be a linear vector space under left mul-
tiplication by quaternions. For f, g, h ∈ V L
H
and q ∈ H, the inner product
〈· | ·〉 : V LH × V LH −→ H
satisfies the following properties
(i) 〈f | g〉 = 〈g | f〉
(ii) ‖f‖2 = 〈f | f〉 > 0 unless f = 0, a real norm
(iii) 〈f | g + h〉 = 〈f | g〉+ 〈f | h〉
(iv) 〈qf | g〉 = q〈f | g〉
(v) 〈f | qg〉 = 〈f | g〉q
Again, we shall assume that the space V L
H
together with 〈· | ·〉 is a separable Hilbert
space. Also,
(2.3) | qf〉 =| f〉q, 〈qf |= q〈f | .
Note that, because of our convention for inner products, for a left quaternionic Hilbert
space, the bra vector 〈f | is to be identified with the vector itself, while the ket vector | f〉
is to be identified with its dual. (There is a natural left multiplication by quaternionic
scalars on the dual of a right quaternionic Hilbert space and a similar right multiplication
on the dual of a left quaternionic Hilbert space.)
The field of quaternions H itself can be turned into a left quaternionic Hilbert space
by defining the inner product 〈q | q′〉 = qq′† = qq′ or into a right quaternionic Hilbert
space with 〈q | q′〉 = q†q′ = qq′.
2.2.3. Quaternionic Hilbert Spaces of Square-integrable Functions. Let (X,µ) be a mea-
sure space and H the field of quaternions, then
L2H(X,µ) =
{
f : X → H
∣∣∣∣ ∫
X
|f(x)|2dµ(x) <∞
}
is a left quaternionic Hilbert space, with the (left) scalar product
(2.4) 〈f | g〉 =
∫
X
f(x)g(x)dµ(x),
where g(x) is the quaternionic conjugate of g(x), and (left) scalar multiplication af, a ∈
H, with (af)(x) = af(x) (see [8] for details). Similarly, one could define a right quater-
nionic Hilbert space of square-integrable functions.
3. CWT on real and complex affine groups
Since the construction of CWT for the quaternionic affine group follows its real and
complex counterparts, and for the sake of completeness, in this section we shall revisit
the CWT of real and complex affine groups very briefly.
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3.1. The real case. Let R∗ = {a ∈ R | a 6= 0} and consider the semi-direct product
group
GRaff = R⋊ R
∗ = {(b, a) |b ∈ R, a 6= 0}
with the group operation
(b, a)(b′, a′) = (b+ ab′, aa′)
or equivalently
GRaff =
{
g =
(
a b
0 1
)
|b ∈ R, a 6= 0
}
with composition given by matrix multiplication,
gg′ =
(
a b
0 1
)(
a′ b′
0 1
)
=
(
aa′ b+ ab′
0 1
)
.
An affine transformation on R is given by the action of the group GRaff:
x 7→ ax+ b; x ∈ R.
On L2(R, dx) define U : GRaff −→ L2(R, dx) by
[U(a, b)f ] (x) =
1√
|a|f
(
x− b
a
)
.
Then it is well-known that the representation U is unitary, irreducible and square-
integrable with respect to the left Haar measure dµl(b, a) =
dbda
|a|2 . The square-integrability
of the representation U(b, a) means that there exist vectors ψ ∈ L2(R, dx) for which the
matrix element 〈U(b, a)ψ|ψ〉 is square-integrable as a function of b, a with respect to the
Haar measure, ∫ ∫
GR
aff
dµl(b, a)|〈U(b, a)ψ|ψ〉|2 <∞.
Also, it is a fact that the existence of one such nonzero vector, ψ, implies the existence
of an entire dense subset of them. Indeed, the condition for a vector to be of this type
is precisely the condition of admissibility required of mother wavelets.
In terms of Fourier transforms, the vector ψ ∈ L2(R, dx) is admissible if and only if
cψ = 2pi
∫ ∞
−∞
dζ
|ζ| |ψˆ|
2 <∞,
where ψˆ is the Fourier transform of ψ. Defining an operator Cˆ on L2(Rˆ, dζ) as
(Cˆψˆ)(ζ) =
[
2pi
|ζ|
]1/2
ψˆ(ζ)
and denoting by C its inverse Fourier transform, we see that the vector ψ is admissible
if and only if
cψ = ‖Cψ‖2 <∞.
The operator C is known as the Duflo-Moore operator. Let ψ be an admissible vector
and s be a signal, i.e., an element of L2(R, dx). Then the wavelet transform of the signal
s is
S(b, a) = 〈ψb,a|s〉
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and we require that the energy of the transformed signal be finite, i.e.,
E(s) =
∫ ∫
GR
aff
dµl(b, a)|S(b, a)|2 <∞.
From this one gets the resolution of the identity,
1
cψ
∫ ∫
GR
aff
dµl(b, a)|ψb,a〉〈ψb,a| = I,
which then leads to the celebrated reconstruction formula of signal analysis,
s(x) =
1
cψ
∫ ∫
GR
aff
dµl(b, a)S(b, a)ψb,a(x) a.e..
3.2. The complex case. Let C∗ = {z ∈ C | z 6= 0} and GCaff = C ⋊ C∗ with group
operation
(z, w)(z′, w′) = (z + wz′, ww′).
Let b = (b1, b2)
T , rθ =
(
cos θ sin θ
− sin θ cos θ
)
∈ SO(2); θ ∈ [0, 2pi) and λ > 0, then GCaff can
be considered as
GCaff = SIM(2) =
{
(b, λ, rθ) | b ∈ R2, λ > 0, rθ ∈ SO(2)
}
.
The affine action can be written as
x 7→ λrθx+ b; x ∈ R2 ≅ C.
Note that GCaff can also be represented in matrix form:
GCaff =
{
g =
(
λrθ b
0T 1
)
| b ∈ R2, λ > 0, rθ ∈ SO(2)
}
.
Now consider the group representation U : GCaff −→ L2(R2) by
[U(b, λ, rθ)f ](x) =
1
λ
f
(
r−1θ (x− b)
λ
)
or
[U(z, w)f ](u) =
1
|w|f
(
u− z
w
)
.
Then, it is known that the representation U is unitary, irreducible and square-integrable
with respect to the left Haar measure dµl(z, w) =
dzdw
|w|4 , dz, dw denoting the Lebesgue
measures on the complex plane.
4. The quaternionic affine group
In this section we discuss the quaternionic affine group, its Haar measures and study
its wavelet transform on a complex Hilbert space.
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4.1. Action of H∗ on H. Consider the action of H∗ on H by right (or left) quaternionic
(in our representation matrix) multiplication. It is clear that there are only two orbits
under this action, {o} (the zero quaternion) and H∗. Furthermore, this latter orbit is
open and free. Let
a =
(
w1 −w2
w2 w1
)
∈ H∗ and x =
(
z1 −z2
z2 z1
)
∈ H.
Then under left action
(4.1) x 7−→ x′ = ax =
(
w1z1 − w2z2 −w2z1 − w1z2
w2z1 + w1z2 w1z1 − w2z2
)
.
We take w1 = a0 + ia3, w2 = a2 + ia1 and z1 = x0 + ix3, z2 = x2 + ix1 and consider x
as the vector
(4.2) x =

x0
x3
x2
x1
 ∈ R4.
On this vector, the left action (4.1) is easily seen to lead to the matrix left action
(4.3) x 7−→ x′ = Ax =

a0 −a3 −a2 −a1
a3 a0 a1 −a2
a2 −a1 a0 a3
a1 a2 −a3 a0


x0
x3
x2
x1
 = (A1 −AT2A2 AT1
)(
x1
x2
)
,
on R4, where
A1 =
(
a0 −a3
a3 a0
)
, A2 =
(
a2 −a1
a1 a2
)
, x1 =
(
x0
x3
)
, x2 =
(
x2
x1
)
.
The matrices A1 and A2 are rotation-dilation matrices, and may be written in the form
(4.4)
A1 = λ1
(
cos θ1 − sin θ1
sin θ1 cos θ1
)
= λ1R(θ1), A2 = λ2
(
cos θ2 − sin θ2
sin θ2 cos θ2
)
= λ2R(θ2)
where
(4.5)
θ1 = tan
−1
(
a3
a0
)
, θ2 = tan
−1
(
a1
a2
)
, λ1 =
√
a20 + a
2
3, λ2 =
√
a21 + a
2
2 and λ
2
1 + λ
2
2 6= 0
and R(θ) is the 2× 2 rotation matrix
(4.6) R(θ) =
(
cos θ − sin θ
sin θ cos θ
)
.
Note that
ATA = AAT = |a|2I4 and det[A] = |a|4.
From the above it is clear that when H is identified with R4, the action of H∗ on H is
that of two two-dimensional rotation-dilation groups (rotations of the two-dimensional
plane together with radial dilations, where at least one of the dilations is non-zero) acting
on R4. Consequently, we shall consider elements in H∗ interchangeably as 2× 2 complex
matrices of the type
a =
(
w1 −w2
w2 w1
)
, det[a] = |a|2 6= 0
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or 4× 4 real matrices of the type A in (4.3):
(4.7) A =
(
λ1R(θ1) −λ2R(−θ2)
λ2R(θ2) λ1R(−θ1),
)
, det[A] = |a|4 = [λ21 + λ22]2 6= 0.
The matrix A has the inverse
A−1 =
1
λ21 + λ
2
2
(
λ1R(−θ1) λ2R(−θ2)
−λ2R(θ2) λ1R(θ1),
)
.
4.2. The quaternionic affine group. Let us look at the three affine groups, GRaff, G
C
aff
and GHaff, of the real line, the complex plane and the quaternions, respectively. These
groups are defined as the semi-direct products
GRaff = R⋊ R
∗, GCaff = C⋊ C
∗, GHaff = H⋊H
∗.
Let K denote any one of the three fields R,C or H and write GKaff = K ⋊ K
∗. A generic
element in GKaff can be written as
g = (b, a) =
(
a b
0 1
)
, a ∈ K∗, b ∈ K.
Of these, GRaff is the one-dimensional wavelet group and G
C
aff, which is isomorphic to the
similitude group of the plane (translations, rotations and dilations of the 2-dimensional
plane), is the two-dimensional wavelet group. By analogy we shall call the quaternionic
affine group GHaff the quaternionic wavelet group, which we now analyse in some detail. In
the 2× 2 matrix representation of the quaternions introduced earlier, we shall represent
an element of GHaff as the 3× 3 complex matrix
(4.8) g := (b,a) =
(
a b
0T 1
)
, a ∈ H∗, b ∈ H, 0T = (0, 0).
Alternatively, if A is the 4×4 real matrix corresponding to a, through (4.1), and b ∈ R4
the vector made out of the components b0, b1, b2, b3 of b (see (4.2)),
b =

b0
b3
b2
b1
 ,
then g may also be written as the 5× 5 real matrix,
(4.9) g := (b, A) =
(
A b
0T 1
)
, 0T = (0, 0, 0, 0).
In this real form GHaff may be called the group of dihedral similitude transformations of
R4. We shall use both representations of GHaff interchangeably.
For each one of these groups GKaff = K ⋊ K
∗ there is exactly one non-trivial orbit
of K∗ in the dual of K and this orbit is open and free. Hence on a complex Hilbert
space, each one of these groups has exactly one irreducible representtion. the irreducible
representations of GRaff and G
C
aff are well known and have been displayed above. We
compute below the one irreducible representation of GHaff, both in a complex and in a
quaternionic Hilbert space.
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4.3. Invariant measures of H∗ and GH
aff
. The group H∗ is unimodular. To compute
the Haar measure, let
a =
(
a0 + ia3 −a2 + ia1
a2 + ia1 a0 − ia3
)
, x =
(
x0 + ix3 −x2 + ix1
x2 + ix1 x0 − ix3
)
∈ H∗.
Let x ∈ R4 be the vector corresponding to x (see (4.2)) and A the matrix of transfor-
mation on R4 representing the left action of a on x (see (4.3)). We write this action
as
(4.10) x 7−→ x′ = ax, =⇒ x 7−→ x′ = Ax.
By (2.2) det[x] = ‖x‖2. Thus,
(4.11) ‖Ax‖2 = det[ax] = det[a]det[x] = det[A] 12‖x‖2,
the last equality following from (4.7). We define a measure on H∗ by
(4.12) dµH∗ =
dx
|x|4 =
dx
(det[x])2
=
dx
‖x‖4 , where dx = dx = dx0 dx3 dx2 dx1.
Then in view of (4.11) and the fact that dx′ = det[A] dx, we see that
dx′
‖x′‖4 =
dx
‖x‖4 ,
i.e., dµ is a left invariant measure on H∗. Similarly, it is also a right invariant measure.
The group GHaff is non-unimodular. The two invariant measures are again easily com-
puted using standard techniques. Let (b0,a0), (b,a) ∈ GHaff, or equivalently, we take
(b0, A0) and (b, A) (see (4.8) – (4.9)). Then under the left action,
(b, A) 7−→ (b′, A′) = (b0, A0)(b, A) = (b0 +A0b, A0A).
Using the invariant measure (4.12) of H∗ and the fact that now db′ = det[A0] db, we
easily see that the measure
(4.13) dµℓ(b, A) =
db
‖a‖4 dµH∗(A) =
db da
‖a‖8 :=
db dA
(det[A])2
,
which we shall also write as
(4.14) dµℓ(b,a) =
db da
(det[a])4
.
Similarly, we find the right Haar measure to be
(4.15) dµr(b, A) = db dµH∗(A) =
db da
‖a‖4 :=
db dA
det[A]
,
or alternatively written,
(4.16) dµr(b,a) =
db da
(det[a])2
.
The modular function ∆, such that dµℓ(b,a) = ∆(b,a) dµr(b,a), is
(4.17) ∆(b,a) =
1
(det[a])2
=
1
|a|4 =
1
‖a‖4 =
1
det[A]
:= ∆(b, A).
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4.4. UIR of GH
aff
in a complex Hilbert space. From the general theory of semi-direct
products of the type Rn ⋊H, where H is a subgroup of GL(n,R), and which has open
free orbits in the dual of Rn, (see. for example, [2], Chapter 9), we know that GHaff has
exactly one unitary irreducible representation on a complex Hilbert space and moreover,
this representation is square-integrable. We proceed to construct this representation (in
a Hilbert space over the complexes). Consider the Hilbert space HC = L
2
C
(R4, dx) and
on it define the representation GHaff ∋ (b, A) 7−→ UC(b, A),
(4.18) (UC(b, A)f)(x) =
1
(det[A])
1
2
f(A−1(x− b)), f ∈ HC.
This representation is unitary and irreducible. To analyze the square-integrabillity of
this representation, we note that from the general theory [2], the Duflo-Moore operator
C is given in the Fourier domain as the multiplication operator
(4.19) (Ĉf̂)(k) = C(k)f̂ (k), where C(k) =
[
2pi
‖k‖
]2
.
A vector f ∈ HC is admissible if it is in the domain of C i.e., if its Fourier transform f̂
satisfies
(2pi)4
∫
R4
|f̂(k)|2
‖k‖4 dk <∞.
Thus, for any two vectors η1, η2 in the domain of C and for arbitrary f1, f2 ∈ HC, we
have the orthogonality relation,
(4.20)
∫
GH
aff
〈f1 | UC(b, A)η1〉〈η2 | UC(b, A)∗f2〉 dµℓ(b, A) = 〈Cη2 | Cη1〉〈f1 | f2〉,
which is the same as the operator equation
(4.21)
∫
GH
aff
|UC(b, A)η1〉〈η2|UC(b, A)∗ dµℓ(b, A) = 〈Cη2 | Cη1〉IHC .
If 〈Cη2 | Cη1〉 6= 0, we have the resolution of the identity
(4.22)
1
〈Cη2 | Cη1〉
∫
GH
aff
UC(b, A)|η1〉〈η2|UC(b, A)∗ dµℓ(b, A) = IHC .
Given an admissible vector η, such that ‖Cη‖2 = 1, we define the family of coherent
states or wavelets as
(4.23) SC = {ηb,A = UC(b, A)η | (b, A) ∈ GHaff},
which then satisfies the resolution of the identity,
(4.24)
∫
GH
aff
|ηb,A〉〈ηb,A| dµℓ(b, A) = IHC .
The above representation could also be realized on the Hilbert space KC = L
2
C
(H, dx)
over the quaternions. We simply transcribe Eqs. (4.18) – (4.24) into this framework.
Thus, we define the representation GHaff ∋ (b,a) 7−→ UC(b,a),
(4.25) (UC(b,a)f)(x) =
1
det[a]
f(a−1(x− b)), f ∈ KC.
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The Duflo-Moore operator C is given in the Fourier domain as the multiplication operator
(4.26) (Ĉf̂)(k) = C(k)f̂(k), where C(k) =
[
2pi
|k|
]2
.
The admissibility condition is now
(2pi)4
∫
R4
|f̂(k)|2
|k|4 dk <∞,
and for any two vectors η1, η2 in the domain of C and arbitrary f1, f2 ∈ KC, the orthog-
onality relation becomes
(4.27)
∫
GH
aff
〈f1 | UC(b,a)η1〉〈η2 | UC(b,a)∗f2〉 dµℓ(b,a) = 〈Cη2 | Cη1〉〈f1 | f2〉,
with its operator version
(4.28)
∫
GH
aff
|UC(b,a)η1〉〈η2|UC(b,a)∗ dµℓ(b,a) = 〈Cη2 | Cη1〉IKC .
Similarly, for 〈Cη2 | Cη1〉 6= 0,
(4.29)
1
〈Cη2 | Cη1〉
∫
GH
aff
UC(b,a)|η1〉〈η2|UC(b,a)∗ dµℓ(b,a) = IKC .
The family of coherent states or wavelets are
(4.30) SC = {ηb,a = UC(b,a)η | (b,a) ∈ GHaff},
with the resolution of the identity,
(4.31)
∫
GH
aff
|ηb,a〉〈ηb,a| dµℓ(b,a) = IKC .
4.5. UIR of GK
aff
in a complex Hilbert space. From the above and the well-known
representations of GRaff and G
C
aff, we may write down a general expression for the UIR of
GKaff for any three of the values of K.
5. UIR of GHaff in a quaternionic Hilbert space
We now proceed to construct a unitay irreducible representation of the quaternionic
affine group GHaff on a quaternionic Hilbert space. It will turn out that this representation
has an intimate connection with the representation UC(b,a) in (4.25) on KC.
5.1. A right quaternionic Hilbert space. We consider the Hilbert space HH, of
quaternion valued functions over the quaternions. An element f ∈ HH has the form
(5.1) f(x) =
(
f1(x) −f2(x)
f2(x) f1(x)
)
, x ∈ H,
where f1 and f2 are two complex valued functions. The norm in HH is given by
(5.2) ‖f‖2HH =
∫
H
f(x)†f(x) dx =
∫
H
|f(x)|2 dx =
[∫
H
( |f1(x)|2 + |f2(x)|2 ) dx ] σ0,
the finiteness of which implies that both f1 and f2 have to be elements of KC = L
2
C
(H, dx),
so that we may write
‖f‖2HH =
( ‖f1‖2HC + ‖f2‖2HC )σ0.
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In view of this, we may also write HH = L
2
H
(H, dx). In using the “bra-ket” notation we
shall use the notation and convention:
(5.3) (f | =
( 〈f1| 〈f2|
−〈f2| 〈f1|
)
, and | f) =
(|f1〉 −|f2〉
|f2〉 |f1〉
)
,
The scalar product of two vectors f, f′ ∈ HH is
(f | f′) =
∫
H
f(x)†f′(x) dx
=
(〈f1 | f ′1〉HC + 〈f2 | f ′2〉HC −〈f ′2 | f1〉HC + 〈f ′1 | f2〉HC
〈f ′2 | f1〉HC − 〈f
′
1 | f2〉HC 〈f ′1 | f1〉HC + 〈f ′2 | f2〉HC .
)
(5.4)
Note that
(f | f′)† = (f′ | f).
We see that if f is orthogonal to f′ in HH then
〈f1 | f ′1〉HC + 〈f2 | f ′2〉HC = 〈f
′
2 | f1〉HC − 〈f
′
1 | f2〉HC = 0.
In other words, defining the two vectors f =
(
f1
f2
)
, f ′ =
(
f ′1
f ′2
)
∈ KC ⊕ KC, the orthogo-
nality of f and f′ in HH implies 〈f | f ′〉 = 0, i.e., the orthogonality of f and f ′ in KC⊕KC
and in addition (in an obvious notation), that f ∧ f ′ = 0.
Multiplication by quaternions on HH is defined from the right:
(HH ×H) ∋ (f,q) 7−→ fq, such that (fq)(x) = f(x)q,
i.e., we take HH to be a right quaternionic Hilbert space. This convention is consistent
with the scalar product (5.4) in the sense that
(f | f′q) = (f | f′)q and (fq | f′) = q†(f | f′).
On the other hand, the action of operators A on vectors f ∈ HH will be from the left
(A, f) 7−→ Af. In particular, an operator A on KC defines an operator A on HH as,
(Af)(x) =
(
(Af1)(x) −(Af2)(x)
(Af2)(x) (Af1)(x)
)
.
Multiplication of operators by quaternions will also be from the left. Thus, qA acts on
the vector f in the manner
(qAf)(x) = q(Af)(x).
We shall also need the“rank-one operator”
| f)(f′ | =
(|f1〉 −|f2〉
|f2〉 |f1〉
)( 〈f ′1| 〈f ′2|
−〈f ′2| 〈f
′
1|
)
=
(
|f1〉〈f ′1|+ |f2〉〈f
′
2| |f1〉〈f ′2| − |f2〉〈f
′
1|
−|f1〉〈f ′2|+ |f2〉〈f ′1| |f1〉〈f
′
1|+ |f2〉〈f ′2| .
)
(5.5)
An orthonormal basis in HH can be built using an orthonormal basis in KC. Indeed,
let {φn}∞n=0 be an orthonormal basis of KC = L2C(H, dx). Define the vectors
(5.6) | Φn) =
1√
2
( |φn〉 |φn〉
−|φn〉 |φn〉
)
, n = 0, 1, 2, . . . ,
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in HH. It is easy to check that these vectors are orthonormal in HH. The fact that they
form a basis follows from the fact that the vectors {φn}∞n=0 are a basis of L2C(H, dx).
Indeed, with
| f) =
(|f1〉 −|f2〉
|f2〉 |f1〉
)
∈ L2H(H, dx),
and writing
|f1〉 =
∞∑
n=0
bn|φn〉, |f2〉 =
∞∑
n=0
cn|φn〉, with bn = 〈φn | f1〉, cn = 〈φn | f2〉,
we easily verify that
| f) =
∞∑
n=0
| Φn)qn,
where
qn = (Φn | f) =
1√
2
(〈φn | f1〉HC − 〈φn | f2〉HC −〈f2 | φn〉HC − 〈f1 | φn〉HC
〈f2 | φn〉HC + 〈f1 | φn〉HC 〈f1 | φn〉HC − 〈f2 | φn〉HC
)
.
In verifying the above, one needs to take into account the fact that the vectors {φn}∞n=0
also form an orthonormal basis of KC.
5.2. Representation of GH
aff
on HH. A representation of G
H
aff on HH can be obtained
by simply transcribing (4.25) into the present context. We define the operators UH(b,a)
on HH:
(5.7) (UH(b,a)f)(x) =
1
det[a]
f(a−1(x− b)), f ∈ HH,
which by (4.25) and (5.3) can also be written as
(5.8) | UH(b,a)f) =
(|UC(b,a)f1〉 −|UC(b,a)f2〉
|UC(b,a)f2〉 |UC(b,a)f1〉
)
.
The unitarity of this representation is easy to verify. Indeed,
‖UH(b,a)f‖2 =
∫
H
|(UH(b,a)f)(x)|2 dx
=
∫
H
(|(UC(b,a)f1)(x)|2 + |(UC(b,a)f2)(x)|2) dx σ0,
which, by the unitarity of the representation UC(b,a) on KC gives
‖UH(b,a)f‖2HH =
(‖f1‖2KC + ‖f2‖2KC)σ0 = ‖f‖2HH .
Similarly, the irreducibility of UC(b,a) on KC leads to the irreducibility of UH(b,a).
But it will be useful to first prove the square-integrability of this representation.
5.3. Square-integrability of UH(b,a). Using the Duflo-Moore operator C in (4.26)
for the representation UC(b,a) (see (4.25), we define the Duflo-Moore operator C for the
representation UH(b,a):
(Cf)(x) =
(
(Cf1)(x) −(Cf2)(x)
(Cf2)(x) (Cf1)(x)
)
.
We say that the vector f is admissible for the representation UH(b,a) if it is in the
domain of C, i.e., if both f1 and f2 are admissible for the representation UC(b,a). It is
then easy to see that the set of admissible vectors is dense in HH.
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Let f and f′ be two admissible vectors. Then from (5.8), (5.5) and (4.28) we get
(5.9)
∫
GH
aff
| UH(b,a)f)(UH(b,a)f
′ |dµℓ(b,a) = q IHH ,
where q denotes the operator of multiplication from the left, on the Hilbert space HH,
by the quaternion
(5.10) q =
(〈Cf ′1 | Cf1〉HC + 〈Cf ′2 | Cf2〉HC 〈Cf ′2 | Cf1〉HC − 〈Cf ′1 | Cf2〉HC
〈Cf ′1 | Cf2〉HC − 〈Cf ′2 | Cf1〉HC 〈Cf ′1 | Cf1〉HC + 〈Cf ′2 | Cf2〉HC
)
.
Note that defining transposed vectors
| fT ) =
( |f1〉 |f2〉
−|f2〉 |f1〉
)
,
we get,
q = (Cf ′T | CfT )T .
Equation (5.9) expresses the square-integrability condition for the representationUH(b,a).
In particular, with f = f′, we get the resolution of the identity,
(5.11)
[‖Cf‖2HH]−1 ∫
GH
aff
| UH(b,a)f)(UH(b,a)f | dµℓ(b,a) = IHH .
5.4. Irreducibility of UH(b,a). Let f be any non-zero vector in HH and let f
′ be any
vector such that (UH(b,a)f | f
′) = 0 for all (b,a) ∈ GHaff. We will show that this implies
f′ = 0, in other words every vector in HH is cyclic for the representation UH(b,a) and
hence it is irreducible. From (5.11) we see that every admissible vector is cyclic for the
representation UH(b,a). On the other hand, the set of admissible vectors is dense in
HH. From this it follows that every vector in HH is cyclic.
5.5. Wavelets and reproducing kernels. Let η ∈ HH be an addmissible vector for
the representation UH(b,a), normalized so that
‖Cη‖2 = 1.
We define the quaternionic wavelets or coherent states to be the vectors
(5.12) SH = {ηb,a = UH(b,a)η | (b,a) ∈ GHaff},
in HH. By virtue of (5.9) they satisfy the resolution of the identity
(5.13)
∫
GH
aff
|ηb,a)(ηb,a| dµℓ(b,a) = IHH .
There is the associated reproducing kernel K : GHaff ×GHaff −→ H,
(5.14) K(b,a; b′,a′) = (ηb,a | ηb′,a′)HH ,
with the usual properties,
K(b,a; b′,a′) = K(b′,a′; b,a), K(b,a; b,a) > 0,∫
GH
aff
K(b,a; b′′,a′′) K(b′′,a′′; b′,a′) dµℓ(b
′′,a′′) = K(b,a; b′,a′),(5.15)
(recall that in our representation of quaternions, q = q†).
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6. conclusion
We have constructed the CWT of the quaternionic affine group on a complex and on
a quaternionic Hilbert space along the lines of its real and complex counterparts. The
resulting resolution of the identity and thereby a reconstruction formula has also been
obtained. It may be possible to extend the UIR UH(b,a) to a larger class by multiplying
UH(b,a) from the right by the SU(2) part of a. Further, one may attempt to discretize
the CWT which may enlarge the scope of applications. It may also be interesting to look
at the quaternionic case from the multiresolution analytic point of view. We intend to
look at some of these issues in the future.
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